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Introduction to ‘‘A Numerical Method for Solving
Incompressible Viscous Flow Problems’’

The following article is Chorin’s first paper. It presents
d

­p
­t

1 = · u 5 0, (1b9)work that was part of his Ph.D. thesis at the Courant
Institute of Mathematical Sciences at New York Univer-
sity. This is one of the earliest papers on a finite difference where p 5 r/d, r is an ‘‘artificial density,’’ and d ‘‘is an
approximation to the incompressible Navier–Stokes equa- artificial compressibility.’’ The artificial compressibility d
tions in primitive variables is regarded as a computational parameter, which is related

to an artificial sound speed c by

ut 1 (u · =)u 5 2
1
r0

=p 1 n Du (1a)
c2 5

1
d

.

= · u 5 0, (1b)
Replacing Eq. (1b) with (1b9) eliminates the Poisson prob-
lem for p and replaces it with the hyperbolic problem (1b9),where u 5 (u, v, w) is the velocity, p is the presssure, r0 thereby producing a method that is less computationallyis the (constant) density, and n is the kinematic viscosity.
time consuming. This enabled Chorin to compute numeri-The principal difficulty in constructing such a finite differ-
cal approximations to solutions of the Navier–Stokes equa-ence method is in satisfying the continuity equation, or
tions in three dimensions at a time when most other meth-incompressibility constraint, (1b). There are several rea-
ods were limited to computing two-dimensional solutions.sons why this term is troublesome. Attempts to enforce

In this article Chorin used the method of artificial com-(1b) lead to a Poisson equation for the pressure p, the
pressibility to approximate solutions to the steady versionsolution of which is far more time consuming than explicit
of (1a)–(1b),discretizations of the hyperbolic and parabolic terms in

(1a). Given the computers of the day, this was especially
a barrier to three-dimensional computations. In addition, (u · =)u 5 2

1
r0

=p 1 n Du, (2a)
at the time it was difficult to determine the appropriate
boundary conditions on p for this Poisson equation. = · u 5 0. (2b)

Most previous work on the numerical approximation of
(1a)–(1b) was two dimensional and based on discretizing In this case, if the numerical solution of (1a) and (1b9)
the stream function c and vorticity g. These quantities are converges to a (numerical) solution that is independent of
related by Dc 5 2g, in which case u 5 (­yc, 2­yc) and time, then it will be a numerical approximation of (2a)–
(1b) is automatically satisfied (e.g., see [11]). This method (2b). Viewed in this way, d is a disposable parameter, like
requires the solution of a Poisson equation for the stream a relaxation parameter.
function c at every time step. A notable exception to the However, the method of artificial compressibility can
vorticity–stream function approach is the paper on the also be used to approximate solutions of the time-depen-
MAC method by Harlow and Welch [12]. In this paper, dent problem (1a)–(1b). Temam [17] has shown that under
the authors present a staggered mesh formulation using suitable hypotheses, for fixed d, solutions ud of the system
primitive variables that is based on discretizing the pressure
in such a way as to assure that = · u is zero at all points at ­ud

­t
1 (ud · =)ud 1

1
2

(= · ud)ud 5 2
1
r0

=p 1 n Dud , (3a)the end of each time step. This leads to a Poisson equation
for the pressure, which the authors solved using a line
relaxation method. d

­p
­t

1 = · ud 5 0, (3b)
In the ‘‘artificial compressibility method’’ Chorin pre-

sented an entirely new approach to satisfying the diver-
gence free constraint (1b). Chorin’s idea was to replace exist and are unique and that these solutions converge to

a solution u of (1a)–(1b) in the limit as d R 0; i.e.,(1b) with the related hyperbolic problem
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ud R u as d R 0, for a variety of numerical methods that are widely used
by scientists and engineers in their work. It has been used
to model a diverse range of problems, from the fluid me-where u is a solution of (1a)–(1b). The term 1/2(= · u)u in
chanics associated with suspension feeding fishes [2] to(3a) is a ‘‘stabilization term’’ that Temam needed in order
the flow inside a thermal ink jet print head [8], and it isto carry out his analysis. Bercovier and Engelman [1] devel-
implemented as an option in at least one of the majoroped a finite element ‘‘penalty’’ method for approximating
commercial CFD packages (Flow 3D [13]).solutions of (1a)–(2b) which is based on a finite element

We end with the observation that although Chorin’sdiscretization of a modified version of (3a),
original work is primarily remembered for its contribution
to the field of numerical methods for fluids, at the time he­ud

­t
1 (ud · =)ud 1

1
2

(= · ud)ud 1
1
d

=(= · ud) 5 n Dud . (4) appeared to place more emphasis on the problem he
wished to solve than on the numerical methodology he
developed to solve it. Indeed, the first sentence in the

In this approach the additional term (1/d)=(= · ud) is de- abstract to his thesis [7] reads as follows: ‘‘The purpose of
signed to penalize nonzero values of = · ud , in order to the present work is to study numerically the amplitude
ensure that the condition = · ud 5 0 is satisfied in the limit and the spatial structure of the laminar convective motions
as d R 0. One can also consider how the artificial compress- in a fluid layer heated from below.’’ This emphasis on
ibility method satisfies the constraint of incompressibility solving problems, rather than on developing methodology,
by extracting a penalty for every growth or decrease in can be seen in all of Chorin’s subsequent work.
the artificial density field. This has led to a variety of hybrid
artificial compressibility/penalty methods.
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